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CANONICAL DECOMPOSITIONS OF ABELIAN GROUPS
PHILL SCHULTZ
Abstract. Every torsion–free abelian group of finite rank has two essentially
unique complete direct decompositions whose summands come from specific
classes of groups.
1. Introduction
An intriguing feature of abelian group theory is that torsion–free groups, even
those of finite rank, may fail to have unique complete decompositions; see for ex-
ample [Fuchs, 2015, Chapter 12, §5] or [Mader and Schultz, 2018]). Therefore
it is interesting to show that every such group has essentially unique complete de-
compositions with summands from certain identifiable classes. For example, it was
shown in [Mader and Schultz, 2018] that every finite rank torsion–free group G
has a Main Decomposition, G = Gcd ⊕Gcl where Gcd is completely decomposable
and Gcl has no rank 1 direct summand; Gcd is unique up to isomorphism and Gcl
unique up to near isomorphism.
Let G be the class of torsion–free abelian groups of finite rank and let G ∈ G.
The aim of this paper is to show that:
• G = Gsd⊕Gni where Gsd is a direct sum of strongly indecomposable groups
and Gni has no strongly indecomposable direct summand. Gsd is unique
up to isomorphism and Gni up to near isomorphism.
• G = G(fq) ⊕ G(rq) ⊕ G(dq), where G(fq) is an extension of a completely
decomposable group by a finite group, G(rq) is an extension of a completely
decomposable group by an infinite reduced torsion group, and G(dq) is an
extension of a completely decomposable group by an infinite torsion group
which has a divisible summand. Each of the three summands is unique up
to isomorphism.
The first case, dealt with in Section 3, I call a Principal Decomposition. Since
rank 1 groups are strongly indecomposable, a Principal Decomposition is a refine-
ment of a Main Decomposition; the second case, the subject of Section 5, I call a
Torsion Quotient Decomposition. Of course the Principal Decomposition can be
applied to each summand of the Torsion Quotient Decomposition and vice versa,
leading to decompositions of the form
⊕
G
(i)
j , and it does not matter in which
order the canonical decompositions are applied.
Although this paper is intended to address particular problems in abelian group
theory, in Section 6, I show that the results can be couched in categorical form, so
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they have immediate applications to larger classes of modules, for example torsion–
free finite rank modules over an integral domain.
2. Notation
Unless otherwise signalled, the word ‘group’ denotes torsion–free abelian group
of finite rank. Every group is isomorphic to a subgroup of the infinite dimensional
rational vector space V = QN; define G to be the set of finite rank subgroups of
V . If S ⊆ V, 〈S〉 denotes the additive subgroup generated by S, [S] the subspace
generated by S and SG∗ the group [S]∩G. Thus [G] is the subspace of V generated
by G and if S ⊆ G then SG∗ is the pure subgroup of G generated by S. When there
is no ambiguity, we just write S∗, and we adopt the usual convention on singletons,
namely b∗ = 〈b〉∗ for b ∈ G.
Apart from side–stepping foundational problems, these conventions have the ad-
vantage that homomorphismsG→ H can be identified with their unique extensions
[G]→ [H ]. In particular, groups G and H are isomorphic if and only if there is an
automorphism of V mapping G onto H , so the automorphism group Aut(G) coin-
cides with the the stabilizer AutG([G]) of the non–singular linear transformations
of [G]. If r ∈ Q∗, the non–zero rationals, then rG ∈ G. Multiplication by r = a/b
is an automorphism of [G] which is an automorphism of G when G is divisible by
b. By r = a/b, we intend that 0 6= a ∈ Z and 0 6= b ∈ N with gcd{a, b} = 1.
Another advantage of our conventions is that integrally independent subsets of G
are rationally independent subsets of [G] contained in G, so we may omit the first
adjective. The rank of G is the cardinality of some, and hence every, maximal
independent subset.
Since every group is a direct sum of a unique divisible and a reduced group, we
limit consideration to reduced groups. A decomposition of G into non–zero direct
summands is called complete if these summands are indecomposable. Since rank(G)
is finite, G always has complete decompositions, in general not unique even up to
isomorphism.
A rank 1 group is a group isomorphic to a non–zero subgroup of the rationals
Q, a completely decomposable (cd) group is a direct sum of rank 1 groups, and
an almost completely decomposable (acd) group is one containing a completely
decomposable group as a subgroup of finite index.
Groups G and H in G are quasi–equal, denoted G=˙H , if there exists r ∈ Q∗ such
that rG = H , and quasi–isomorphic, denoted G ≈ H , if G′ ∼= H ′ for some G′=˙G
and H ′=˙H . Thus if H and K are pure subgroups of G then H=˙K if and only if
H = K. Clearly quasi–isomorphic groups have the same rank.
G is quasi–decomposable if G=˙H ⊕K for non–zero H and K ∈ G, and H and K
are called quasi–summands. G is strongly indecomposable (si) if it has no proper
quasi–decomposition. Equivalently, G is si if and only if for all k ∈ N, kG is inde-
composable. A direct sum ⊕i∈[t]Hi with eachHi si, is called a strong decomposition.
It follows from [Fuchs, 2015, Theorem 9.9] that strong decompositions are unique
up to isomorphism, i.e., if ⊕iHi = ⊕jKj are strong decompositions, then their
summands can be paired so that Hi ∼= Kj .
It was shown in [Schultz, 2020, Section 6] that every non–zero G ∈ G contains
as a subgroup of finite index a strong decomposition ⊕i∈[t]Hi in which each Hi is
pure in G. We call such a subgroup a Jo´nsson subgroup of G, denoted J(G). By
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the finite index property, G = (J(G))∗. For example, by [Mader, 2000, Chapter
4], if G is an acd group, then regulating subgroups are Jo´nsson subgroups.
Clearly rank 1 groups are si and it was shown in [Schultz, 2020, Theorem 7.2]
that J ∈ G of rank > 1 is si if and only if J is an extension of a cd group H by an
infinite torsion group T such that J/H has no decomposition lifting to J .
Extending the well known notion of type ([Mader, 2000, §2.2]) from rank 1
groups to si groups in general, the isomorphism class of an si group is called a
Type, so types are special cases of Types. Denote by T (D) the set of Types of a
strong decomposition D. By Lady’s Theorem [Schultz, 2020, Corollary 6.5], T (D)
is finite and a strong decomposition has the form D =
⊕
J∈T J
nJ where T = T (D)
and each nJ ∈ N. Such a decomposition, which is unique up to isomorphism, is
called a homogeneous decomposition of D, and the summands JnJ are called the
homogeneous parts of D.
Near isomorphism is an equivalence on G weaker than isomorphism but stronger
than quasi–isomorphism. There are several equivalent characterisations, see for
example [Mader, 2000, §9.1], of which the most useful in our case is that G is
nearly isomorphic to H if there exists K ∈ G such that K ⊕G ∼= K ⊕H .
We define an ostensibly stronger equivalence by defining groups G and H to be
strongly stably isomorphic, denoted G ∼=ss H , if there exists a strong decomposition
K such that K ⊕ G ∼= K ⊕H . It is known, [Mader, 2000, Corollary 9.1.9], that
for acd groups, near and strongly stable isomorphism are equivalent; however, it is
still undetermined whether there exist nearly isomorphic groups G and H which
fail to be strongly stably isomorphic.
A subgroup H of G is full if rank(H) = rank(G); equivalently, H is full in G if
and only if G/H is torsion, and hence if and only if H∗ = G. In particular, J(G) is
full in G.
Unexplained notation comes from the standard references [Fuchs, 2015] or
[Mader, 2000].
3. The Principal Decomposition
Let H be a strong decomposition with Type set J , so that H has a homogeneous
decomposition
⊕
J∈J J
nJ . By the uniqueness property of strong decompositions,
each decomposition H = L⊕K has the form L =
⊕
J∈J J
mJ and K =
⊕
J∈J J
ℓJ
where mJ and ℓJ are non–negative integers such that mJ + ℓJ = nJ .
Recall that a Principal Decomposition of G ∈ G is a decompositionG = Gsd⊕Gni
in which Gsd is a strong decomposition and Gni has no si summand.
Proposition 3.1. Let G = D⊕B = A⊕C where D and A are strong decomposi-
tions and B and C have no si summand. Then D ∼= A and B ∼=ss C.
Proof. Let πA and πC be the projections corresponding to the second decomposi-
tion. Now D = D(πA + πC) = DπA ⊕ DπC so D = J(D) ∼= J(DπA) ⊕ J(DπC).
Since D is a strong decomposition while C contains no si summand, D ∼= J(DπA)
is isomorphic to a summand of A. Similarly, A is isomorphic to a summand of D.
Since G has finite rank, A ∼= D and hence by definition, B ∼=ss C. 
Theorem 3.2. Every G ∈ G has a Principal Decomposition G = Gsd ⊕ Gni, in
which Gsd is unique up to isomorphism, and Gni up to strongly stable isomorphism.
Proof. The theorem is vacuously true if G is a strong decomposition or has no
strongly indecomposable summands, so assume neither of these extreme cases occur.
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Let J be the set of all strong decompositions which are summands of G. Let
Gsd be an element of J of maximum rank, and let Gni be any direct complement
of Gsd. Then Gni has no strongly decomposable summand, so this is a Principal
Decomposition. By Proposition 3.1, Gsd is unique up to isomorphism, and Gni up
to strongly stable isomorphism. 
Corollary 3.3. All summands of G which are maximum rank strong decomposi-
tions are isomorphic. 
Remark 3.4. Principal Decompositions do not respect direct decompositions, in the
following sense: Let G = H ⊕ K ∈ G. Then in general, Gsd 6= Hsd ⊕ Ksd. For
example there is a well known example [Fuchs, 2015, Theorem 5.2] of a rank 4 group
G having a Principal Decomposition with rank(Gsd) = 1 such that G = H ⊕ K
where both H and K are indecomposable of rank 2.
4. Ranges and Torsion Quotients
We call a maximal independent subset of G a basis. Bases of groups were studied
in [Schultz, 2020, Proposition 2.2], where it was shown that if B is a basis of
G then every 0 6= a ∈ G has a unique representation a = k−1
∑
b∈B nbb where
nb ∈ Z, k ∈ N and gcd{k, nb : b ∈ B} = 1.
A range of G is a full cd subgroup whose the rank 1 summands are pure in G.
If B is a basis of G, the group (B)∗ =
⊕
b∈B b∗ is a range, and all ranges are of the
form (B)∗ for some basis B.
Since (B)∗ is full in G, G/(B)∗ is a torsion group, called the torsion quotient of
G with respect to (B)∗.
Lemma 4.1. With the notation above, (B)∗ = J(G) if and only if (B)∗ has finite
index in G.
Proof. If (B)∗ = J(G), then by definition, (B)∗ has finite index in G. Conversely,
since (B)∗ is a strong decomposition each of whose summands is pure in G, if (B)∗
has finite index in G then (B)∗ = J(G). 
Proposition 4.2. Let G ∈ G have basis B such that G/(B)∗ is infinite and reduced.
Then for every basis C, G/(C)∗ is infinite and reduced.
Proof. Let {xi + (B)∗ : i ∈ N} be an infinite independent set in G/(B)∗. Sup-
pose by way of contradiction that {xi + (C)∗ : i ∈ N} is dependent in G/(C)∗,
say
∑
j∈[n] rjxj = c ∈ (C)∗. Let c have B–representation k
−1
∑
i∈[t] nibi. Then∑
j∈[n] rjxj ∈ (B)∗, contradicting independence of {xi + (B)∗}.
Now suppose that G/(C)∗ has a divisible summand ∼= Z(p
∞) for some prime
p. Then there exist {yi : i ∈ N} in G such that py0 ∈ (C)∗ and pyi+1 − yi ∈
(C)∗. Each yi has B–representation zi = k
−1
i
∑
j∈[ti]
nijbij , so that {z0, zi : i ∈ N}
generates a summand of G/(B)∗ ∼= Z(p
∞). This contradiction implies that G/(C)∗
is reduced. 
Corollary 4.3. Let G have torsion quotient T = G/(B)∗. Then the property that
T is finite or has a divisible summand is independent of the choice of basis B. 
A useful property relating decompositions of G to decompositions of J(G),
proved in [Schultz, 2020, Proposition 6.4], is the following:
Proposition 4.4. Let G ∈ G.
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(1) If G = H ⊕K, then J(G) = J(H)⊕ J(K).
(2) If J(G) = L⊕M , then G = L∗ ⊕M∗ if and only if L∗ ⊕M∗ is pure in G.

Proposition 4.5. Let J be a strongly indecomposable group. Then either J has
rank 1, or for every basis B of J, J/(B)∗ is infinite and has no decomposition
lifting to J .
Proof. Rank 1 groups are evidently si, so assume rank(J) > 1. Let B be a basis
of J , so (B)∗ is a full cd subgroup of J and hence T = J/(B)∗ is torsion. If T is
finite, then J=˙(B)∗ so rank(J) = 1.
Suppose then that T is infinite. If T has no decomposition lifting to J , then by
[Schultz, 2020, Theorem 7.2], J is si, while if T has such a decomposition, then by
definition, J is decomposable, a contradiction. 
5. The Torsion Quotient Decomposition
We shall use the following notation:
• J : the set of strongly indecomposable groups in G, and ⊕J : finite direct
sums from J , i.e., strong decompositions;
• J (fq) : the subset of strong decompositions in J having finite torsion quo-
tient, and ⊕J (fq) : finite direct sums from J ;
• J (rq) : the subset of strong decompositions in J having reduced torsion
quotient, and ⊕J (rq) : finite direct sums from J .
Proposition 5.1. The three sets in the hierarchy of subclasses
⊕J (fq) ⊂ ⊕J (rq) ⊂ ⊕J ,
are closed under isomorphism, direct sums and direct summands.
Proof. Let G ∈ ⊕J and θ : G → H an isomorphism. Then by [Schultz, 2020,
Section 6] H ∈ ⊕J . If G ∈ ⊕J (fq) or ⊕J (rq) then by Lemma 4.2, H ∈ ⊕J (fq) or
⊕J (rq) respectively.
The closure of each of the sets under direct sums follows directly from the defi-
nitions.
Let H = K ⊕ L ∈ ⊕J . Then H has a basis B = C ∪ D in which C is a basis
of K and D a basis of L. Hence H/(B)∗ ∼= K/(C)∗ ⊕ L/(D)∗ and K ∈ ⊕J .
Furthermore, K ∈ ⊕J (fq) or ⊕J (rq) if H is. 
To show that we have a proper hierarchy, we introduce the following notation:
Let P = {P0, · · · , Pn} be a partition of the set of primes into n+ 1 infinite sets.
For i ∈ [n], let τi be the type which is infinite for all p ∈ Pi and zero elsewhere. Let
{vi : i ∈ [n]} be independent elements in V , and U =
⊕
i[vi]
∼= Qn.
For all i ∈ [n], let bi = τivi, (B)∗ =
⊕
i bi∗. and T = U/(B)∗.
Proposition 5.2. For every n ∈ N there exist H in J (rq)\J (fq) and K ∈ J \J (rq),
each of rank n.
Proof. With the notation above, T contains a summand isomorphic to
⊕
p∈P0
Z(p∞)
and hence a subgroup A ∼=
⊕
p∈P0
Z(p) and for each q ∈ P0 a summand Aq ∼=
Z(q∞). Note that no element of (B)∗ is divisible by all p ∈ P0 and no element has
infinite q–height.
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Let H = Aη−1 and Kq = Aqη
−1. Then by Proposition 4.4 (2), H and Kq
are strongly indecomposable with range (B)∗ and H/(B)∗ ∼= A ∈ J
rq \ J fq and
Kq/(B)∗ ∈ J \ J
rq as required. 
We use the hierarchy to define the Torsion Quotient Decomposition. Let
• G(fq) = {G ∈ G : J(G) ∈ ⊕J (fq)}
• G(rq) = {G ∈ G : J(G) ∈ ⊕J (rq) \ ⊕J (fq)}
• G(dq) = {G ∈ G : J(G) ∈ ⊕J \ ⊕J (rq)}
Note that G(fq) is the set of acd groups and all torsion quotients of eachG ∈ G(dq)
contain a divisible summand.
Proposition 5.3. The sets G(fq), G(rq) and G(dq) form a partition of G and are
closed under isomorphism, direct sums and direct summands;
Proof. That they form a partition of G is clear by definition, and their closure
properties follow from Proposition 4.4 (1) and Proposition 5.1. 
A Torsion Quotient Decomposition of G is a decomposition
G = G(fq) ⊕G(rq) ⊕G(dq)
where G(fq) ∈ G(fq), G(rq) ∈ G(rq) and G(dq) ∈ G(dq).
Theorem 5.4. Let G ∈ G. Then G has a Torsion Quotient Decomposition.
If G = G(fq) ⊕ G(rq) ⊕ G(dq) = H(fq) ⊕ H(rq) ⊕ Hdq) are Torsion Quotient
Decompositions of G, then G(fq) ∼= H(fq), Grq) ∼= H(rq) and G(dq) ∼= H(dq).
Proof. Let G ∈ G. Let G(fq) be a G(fq) summand of G of maximal rank, and let
D be any complementary summand, so that D ∈ G(rq) ∪ G(dq); let G(rq) be a Grq)
summand of D of maximal rank, and let G(dq) be any complementary summand of
G(fq) ⊕ G(rq), so that G(dq) ∈ G(dq) and G = G(fq) ⊕G(rq) ⊕G(dq).
Since Jo´nsson subgroups are unique up to isomorphism, J(G) ∼= J(G(fq)) ⊕
J(G(rq))⊕J(G(dq)) ∼= J(H(fq))⊕J(H(rq))⊕J(H(dq)) with J(G(fq)) and J(H(fq)) ∈
⊕G(fq), J(G(rq)) and J(H(rq)) ∈ G(rq) and J(G(dq)) and J(H(dq)) ∈ G(dq).
Thus J(G(fq)) ∼= J(H(fq)) and hence G(fq) ≈ H(fq). Since summands of G are
pure, G(fq) ∼= H(fq), and similarly for the other summands, G(rq) ∼= H(rq) and
G(dq) ∼= H(dq). 
Remark 5.5. It follows from the definitions that the Torsion Quotient Decompo-
sition of G respects direct sums, in the sense that if G = H ⊕ K then G(fq) =
H(fq) ⊕K(fq), G(rq) = H(rq) ⊕K(rq) and G(dq) = H(dq) ⊕K(dq)
5.1. The Principal and Torsion Quotient Decompositions are Compatible.
Since the decompositions are independent of each other, both can be applied, to
achieve canonical decompositions with 6 terms. We show that these terms are
independent of the order in which the decompositions are applied.
Proposition 5.6. Let G ∈ G and let ∗ ∈ {fq, rq, dq}. Then (Gsd)
(∗) = (G(∗))sd
and (Gni)
(∗) = (G(∗))ni
Proof. The subgroupGsd∩G
(∗) ofG can be considered as both a maximal summand
of Gsd contained in G
(∗), i.e., (Gsd)
(∗) and a maximal summand of G(∗) contained
in Gsd, i.e. (G
(∗))sd.
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Consequently, Gni ∩G
(∗) can be considered as both a complement of a maximal
summand of Gsd contained in G
(∗), i.e., (Gni)
(∗) and a complement of a maximal
summand of G(∗) contained in Gsd, i.e. (G
∗)ni. 
6. Ranked Atomic Categories
In the preceding development, we used no properties of G other than the fact
that it forms a ranked atomic category in the following sense:
Let C be an additive category having a set of indecomposable objects D.
(1) C is atomic if every object is a coproduct of finitely many objects in D;
(2) C is ranked if there is a function rank: objects of C → N satisfying
• rank(H) = 0 if and only if H = {0},
• H ∼= K implies rank(H) = rank(K), and
• rank(H ⊕K) = rank(H) + rank(K).
The category of finite rank modules over an integral domain, and more generally
categories of modules with a composition series over an arbitrary ring, are examples
of ranked atomic categories.
Let C be a ranked atomic category, and D the set of indecomposable objects of
C. For any subset A of D let Add(A) be the closure of A under isomorphism, direct
sums and summands.
A partition {A, B} of D is called summand disjoint if no non–zero element of
Add(A) is isomorphic to an element of Add(B) and vice versa.
Proposition 6.1. Let C be a ranked atomic category and {A, B} a summand dis-
joint partition of the indecomposable objects of C. Then
(1) every object G of C is a direct sum G = A ⊕ B with A ∈ Add(A) and
B ∈ Add(B);
(2) if also G = A′ ⊕B′ with A′ ∈ Add(A) and B′ ∈ Add(B), then A ∼= A′ and
B ∼= B′.
Proof. (1) This is clear if G ∈ Add(A) or Add(B), so we may assume G has sum-
mands from both Add(A) and Add(B). Let C be the set of all summands of G
which are elements of Add(A) and let A be an element of C of maximal rank, so
G = A ⊕ B where 0 6= B has no summand isomorphic to an element of Add(A).
Then every indecomposable summand of B is in B, so B ∈ Add(B).
(2) Each of A, A′, B and B′ is a direct sum of indecomposables. Let C be an
indecomposable summand of A, so C ∈ A. Now C ∼= D ⊕ E with D 6 A′ and
E 6 B′. Since C is indecomposable and B′ has no summand from A, C ∼= D.
Thus every indecomposable summand of A, and hence A itself is isomorphic to a
summand of A′.
By a symmetrical argument, A′ is isomorphic to a summand of A; and similarly,
B is isomorphic to a summand of B′ and B′ to a summand of B. Since rank is
preserved by isomorphism, A ∼= A′ and B ∼= B′. 
It is straightforward to extend the definition of summand disjoint partition to
partitions with more than two parts and to prove the corresponding analogues of
Proposition 6.1 of such partitions. Thus we conclude:
Theorem 6.2. Let C be a ranked atomic category and {Ai : i ∈ [n]} a summand
disjoint partition of its indecomposable objects. Then every object G of C has a de-
composition G =
⊕
i∈[n]Gi with Gi ∈ Add(Ai) which is unique up to isomorphism.
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Proof. Both existence and uniqueness follow by a routine induction from Proposi-
tion 6.1. 
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